Math 1C: Calculus II1

~ Lesson 21: Properties of Power Series

Reference: Brigg’s “Calculus: Early Transcendentals, Second Edition”
Section 9.2: Properties of Power Series, p. 675 - 684

Definition. p. 676 Power Series (Centered at a )

A power series has the general form

o0
> k(@ —a)f,
k=

0

where the scalar a € R is a constant real number, the sequence terms cj are constant and z is
variable. The sequence terms {ck}%, are known as the coefficients of the power series and
scalar a is called the center of the power series. The set of all values of variable z for which
the series converges is called the interval of convergence, denoted as an interval I C R. The
distance from the center of the interval of convergence to the boundary of the interval is called
the radius of convergence and is denoted by R.

RemarK: When wr.hnj out +he K=0 derm, W¢ adopt

the convention  Ahar

0
(x——a\ =

even when X=O. Thus , sincc al] ferms
\ K
Cx - (x -a) = O for K=1 = +4he Series
. a'wags coavtges when X= 4.

\LZ\,P‘l




Similar o
Example 42,15 p.éih':) For what+ valves Ssa= of x does

dhe 3Seres
PN 50 )
Z, __(2(_:'_3_2»- COnverﬂa?
n=l n

SO\U"“O(\ . Cons;der %C genres 3|ven in '4’\'\7_5 FrobL.Qm\
o What Hcst mww

we uUsSe hcre,?

i

S e, [ e L. [x-3]

n_>°° aAn B

= 5

he rotio test, we Know our S€rves 7S fomwessent—

By
Ix-3)<)

absOlokEj Coqverjen% [and “hvs convergem) i+

=> - oo &



dest ek our . SEFES

e YWe also Know by Hhe  veho
dWUf}CS when f 3¢ ~3) >
N oh- A i Sl
(s I el

= - |

raho test 1S 1n Conclusive Cj“'” ne

e eeEl Pt He
in formahon )  when Isc—3)=1, “Then,  we consider
X=2 and x=4 seperaicly.
[ele) n oo N ) o |
Cose X=H g i {x=3] a2 Hnj’) = é", n d"’"j“"*
7 N=0 N Lk
0 " > 2_3)»'7
Cose X= 2: 2; x ~3) = Z
N Nn=op n

o> n
= Z {:'—- Coavtrﬁen'*‘-
Nn=©o _

-
—W‘US/ The jweq ke Zh NCX_B)n converges £~ Lk A S
=0

n

) L2|,p3\




EXOmPle, 4.2~\C> A Power Series +hat convecges o} only one pont

p-67%6
i For what X ea2 cloes +he  Serie$
00
Zin %"
n=o
COf\erﬂe_ ?
Solution - We see  dha sequeace of Aerms Go=1"! X" involves loot

Qa 'Pac‘}'brial and a pover. “Thus, we'll “Yy M vahe Test

T ths cnel  Consicler (.'WNA X #0)

h+j
—~~ ,\\M l..q_"*.i./ - ‘\m (hf'/)l X
h—>00 An h 2 n" xn
O ORI T N | e R
n 0% :
o8 . L ,
Then, by e rato Fest nZ:.; nt X' s dnverfje,&r A~ X %o,
On He oher h&nd, 1 X:(;/
ot
2”!)(" = Z = 0 conveges ___/
ns, hzy )

Thu He y\vo\ Series Commsu o(._(d R~ X=0. 1

Y

\LZ\,PH l



QuitK Check 922 p. 678

oo
Consider the  power  Serves 2 ¢ % (where Cn‘—'—\),
n=o

To Fnd He  x-valves for  which  +his Series Converjes‘

we refr back t ovr  dervahon of resolts Tor e Seomca—ﬁc Serie

[Me
XJ

v

3
[M
XJ

> |
"
<
Z -
N
8
>
]
<

o I:n ,_ xm,
N oo |- %

wWe see  Fhis  limd  exists and s Baike W X< ] D 12 %<)

% -
n \
= The. power  Sefies 2 ’ X con Uerjes # -1 € x<|

n;O

dweﬁjcs o Ix] 3|

lLZ\,PSI



Theorem 9.3. p. 678 Convergence of Power Series

o0
A power series Y ¢k (T — a)*, centered at a converges in one of three ways:
k=0

1. Infinite Radius of Convergence
The series converges for all values of variable z € R. In this case, the interval of

converges is the entire real number line I = R, denoted as interval (—oo, o0) and
the radius of convergence is R = 00.

2. Finite, Positive Radius of Convergence
There is a real number R > 0 such that the series converges for all |z —a| < R and

diverges for all |z — a| > R. In this case, the radius of convergence is the positive
number R.

3. Zero Radius of Convergence

The series converges only at z = a and the radius of convergence is R = 0.
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Theorem 9.4. p. 679 Combining Power Series

Suppose the functions f(z) and g(x) can be represented by convergent power series

f(x) = i k2" and g(x) = i di, o*
k=0

k=0

on the interval I.

1. Sum and Difference Rule

o0
The power series > (ck % di) =¥ converges to f(z) & g(z) on L
k=0

2. Multiplication by a power function

Suppose that m € Z with k£ +m > 0 for all terms of the power series
o0 o0
zm chxlc — chxm+k
k=0 k=0

This series converges to ™ f(z) for all z # 0 in I. If z = 0, the series converges to

lim 2™ f(z).

z—0

3. Composition

If h(z) = ba™ for some positive integer m € N and a nonzero real number b, then

the power series
. k
Z Ck ( h(x) )
k=0

converges to the composite function f(h(z)) for all z such that h(z) is in I.
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Theorem 9.5. p. (680 Differentiating and Integrating Power Series
Suppose the power series
o0
Y k(@ —a),
k=0
converges for all |z — a| < R and defines a function f(z) on that interval.

1. Differentiation of Power Series

The f(x) is differentiable (and thus continuous) for all |z — a| < R. Moreover, we
can find the derivative f'(z) by differentiating the power series for f term by term
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for |t —a| < R.

2. Integration of Power Series

The indefinite integral of f is found by integrating the power series for f, term by

term with
/f(:c)dx= / {ick (z — a)k ] dzx
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