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Abstract

We present a new learning activity that enables students to ap-

ply eigenvalue theory to investigate a practical modeling problem. We

demonstrate how to build a spring-coupled pair of pendula and describe

how students can measure the movements of these pendula using open-

source image processing software. We then illustrate how to analyze

this position data and provide supporting theory that enables students

to accurately model this system using eigenvalues. This hands-on activ-

ity enhances student motivation and prepares students to model other

complex systems using linear ordinary differential equations.

Keywords: mathematical modeling, eigenvalues and eigenvectors, coupled,

linear, ordinary differential equations

Introduction

Linear algebra is a pillar of applied mathematics. Due to continual advance-

ments in computer hardware and software, numerical linear algebra algorithms
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are now essential tools for solving diverse problems in engineering, science,

business, and academia. However, it is difficult to communicate to students

the importance of this subject in introductory classes. This is partly because

most currently available linear algebra textbooks only provide narratives about

applications and do not engage students in the type of applied problem solv-

ing that they practice as STEM professionals. Novice students often finish

introductory linear algebra classes unprepared to transfer their knowledge and

less-than-interested in continuing their studies of this field. We can do better.

We need to give students explicit opportunities to experience the elegance and

power of linear algebra in practice.

The authors of this paper are currently engaged in a development program

that will empower students to construct and solve their own linear algebra

application problems from a variety of observable phenomena. These exer-

cises encourage students to actively participate in the entire mathematical

modeling process. Such activities enable students to study complex physi-

cal systems by collecting measurable data, analyzing this data, constructing

mathematical models, and validating these models by comparing collected and

modeled data. Students can then form their own conclusions about the util-

ity of linear-algebraic techniques. This approach enhances student motivation

in the classroom and more fully prepares students to apply linear-algebraic

thinking as part of their worldview.

The main objective of the project described in this paper is to build an ap-

paratus and develop an experimental framework that enables students to make

measurements and apply eigenvalue theory within the context of a mathemat-

ical modeling problem. To achieve this goal, we have designed and assembled

a spring-coupled pair of pendula, see Figures 1, 2, and 3. We also provide a

modeling scheme that supports students in analyzing the dynamics of this sys-
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tem using eigenvalue theory. The entire apparatus and data acquisition system

is easy-to-build, inexpensive (less than $100), simple-to-assemble, safe, and of

appropriate size for in-class demonstrations and laboratory explorations.

The authors of this paper assign this modeling activity at the end of their

introductory linear algebra class. Most students in this class are second-year

STEM majors who have not necessarily completed prerequisite courses in

physics or differential equations. The authors organize their linear algebra

class so that students study nearly all of the necessary prerequisite skills in

the context of linear-algebraic theory prior to starting this modeling activity.

A companion website for this paper presents more information about how

this activity might be integrated into introductory courses in linear algebra,

differential equations, or numerical analysis [1]. This website is a dynamic

collection of resources that describe how to design, build, and assemble the

apparatus used to generate the data reported in this paper. This website also

includes methods for measuring the spring constant of an extension spring,

sample experiment videos with corresponding data sets, introductory videos

to further explain this activity, example laboratory prompts, student exercises,

and many other resources to support instructors who want to bring this activity

into their classroom.

Overview of the apparatus

The apparatus described here is designed to be portable enough to be moved

to and from classrooms. In an ideal situation, this apparatus can be built by

a team of students, perhaps with assistance from instructors in mathemat-

ics, physics, and engineering departments. Student involvement in such an

interdisciplinary team can reinforce the concept of applied mathematics.
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Figure 1: Schematic diagram of a coupled mass-spring chain of

pendula. The left side of this figure shows a front view of the ap-

paratus. The double arrows under each mass indicate the direction

of motion of these masses. The right side of this figure is an end

view of the apparatus that looks along the direction of motion.

Interested readers can find a detailed guide to building such an apparatus

on the companion website to this paper [1]. Figure 2 provides an annotated

top-down view of this system. Figure 3 provides photos from a side view and

an end view of the authors’ most recent version of this apparatus.
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Figure 2: Annotated single frame from a digital video of this cou-

pled system. This is a view from the top of the system that shows

the two masses and the connecting spring.

Figure 3: Photographs of the side view (left) and end view (right) of

this apparatus. The system pictured here is about half the height

of the system used to produce the data analyzed in this paper.

This updated design is more convenient for in-class activities.
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To make measurements with this apparatus, we set both pendula in motion

by hand. We are careful to arrange initial conditions so that the masses travel

only along the x−axis, perpendicular to the line of sight of the side view of

Figures 1 and 3. The long pendulum lengths, large pendulum masses, and

flexible cables ensure that the masses remain in oscillation for a relatively long

time. This enables rich data sets for analysis. The system analyzed in this

paper has a pendulum length of 1.37 meters, equal masses of 2.982 kg, and a

spring constant of 3.47 N/m.

Preparation of the data analysis tools

We record a video of system dynamics with a digital camera (Panasonic

DMNC-Z525). This camera has a zoom lens and video capture feature. We

attach this camera to the top of our physical frame. The camera points down

and the masses move along the x-axis, perpendicular to the optical axis of the

camera. In order to calibrate our data measurements, we place a metric ruler

under the masses along the x−axis, as seen in Figure 2.

In each experiment, we set the masses in motion and capture video of

system dynamics at 30 frames per second. Each measurement sequence is

recorded as an mp4 video file. We transfer each video file onto a personal

computer and import each file into an open-source video analysis and mod-

eling software called Tracker [3]. Tracker is a free video analysis tool that

conforms to the Open Source Physics Java framework. This software uses im-

age processing algorithms to transform the input video file into time, position,

velocity, and acceleration data.

To begin data analysis in Tracker, we select a range of frames to analyze.

We choose a start frame with time stamp ts ≥ 0, and an end frame with
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time stamp te > ts, both measured in seconds. We use Tracker to analyze all

frames with time stamp t ∈ [ts, te] where time ts = 0 s corresponds to the

first frame of the video file.

To assign position values, we introduce a coordinate system within Tracker.

We define the location of an origin and set our alignment axis in the direction

of the pendulum motion. We also calibrate the video by choosing two points

on our metric ruler and we indicate the physical length measurement between

these two points. All measurements produced by Tracker are created with

reference to this calibration stick.

Next, we select the moving feature whose motion we would like to track. In

our case, this feature is the reference mark of the center of each mass, seen in

Figure 2. We then use the software’s automatic tracking capability to analyze

the motion of each mass, frame by frame, and record time and position data

for this feature as it moves. The software also calculates velocity and acceler-

ation data for each mass based on this time and position data. All resulting

data is displayed in a table that can be exported to a conventional spread-

sheet program for subsequent analysis. Figures 4A and 4B present data for a

mixed-mode eigenvalue experiment that we collected using Tracker software,

exported, and then plotted using Excel.

Figure 4A: Left mass displacement Figure 4B: Right mass velocity
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These figures show a fast oscillation and a slow oscillation visible in the fa-

miliar “beats” between two frequencies [5, pp. 22 - 26]. This data also demon-

strates that the energy of the oscillation transfers back and forth between the

two masses via the spring coupling mechanism. We now challenge students

to create a model for these measurements via eigenvalue analysis. At the end

of the modeling process, students compare their modeled outputs against this

collected data. By doing so, students can assess for themselves whether or

not eigenvalue techniques produce an accurate model for the dynamics of this

physical system.

Formulation of the modeling framework

To assist students in modeling this apparatus, we derive the system of second-

order linear ordinary differential equations that describe this mass-spring chain.

Parts of this derivation arise in the presentation of simple harmonic oscilla-

tors [5, pp. 121 - 127]. However, this paper includes all relevant details of

the modeling scheme to support instructors who want to bring this material

into the classroom. We recommend that students work through this derivation

to connect the physical apparatus to the underlying mathematical principles

used to model this system.

To begin the derivation, we create an ideal diagram that represents this

apparatus and we label all important variables that describe this system, as

shown in Figure 5.
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Figure 5: Ideal diagram of apparatus

We assume that point mass mi, measured in kilograms, is attached to

the bottom end of a massless rod, for i = 1, 2. Both rods are identical and

inextensible, each with length `, measured in meters. The top end of each

rod is fixed to a pivot in a frame so that the motion of each pendulum is

limited to the xz-plane. During motion, the path of each mass is a circular

arc with radius `. The angle, θi(t), between the ith rod and vertical direction

is measured in radians.

A massless linear extension spring connects masses m1 and m2. At equilib-

rium, this spring is stretched beyond its resting length. Thus, there is always

a nonzero internal force stored in the spring so that the spring acts only in

extension and never in compression for the full range of motion. Changes in

the spring’s internal force are measured with respect to this reference force.

This is equivalent to assuming that the spring has a zero internal force when

the masses are at equilibrium.

Adjacent to our masses, we place a ruler. The zero position of this ruler

is on the bottom left-hand side of the apparatus and position measurements

increase as we move to the right, see Figure 2. The equilibrium position of
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mass i, denoted as xi, stores the location where the ith mass comes to rest

along the x−axis with zero velocity and zero acceleration. We approximate xi

via Tracker data by calculating the arithmetic average of all collected position

data associated with the ith mass. This method works well for data that

includes more than 10 oscillations.

We let xi(t) denote the position of the ith mass along the x−axis at time

t seconds, where t ∈ [ts, te]. Initial position xi(t0) represents the location of

the ith mass along the x-axis at a chosen reference time t0, where ts ≤ t0 ≤ te.

The displacement function for mass i is calculated as ui(t) = xi(t) − xi.

This function measures the distance between the position of mass i at time t

and the equilibrium position of mass i. Notice ui(t) > 0 if and only if mass i

is to the right of equilibrium position xi.

Analysis of the system forces

Next we analyze the three forces acting on the ith mass in this system. To do

this, we draw free-body diagrams for both m1 and m2, as shown in Figure 6.

The forces acting on each mass include the internal force of the spring, denoted

as fs(t); the constant force of gravity on the ith mass; and the tension force in

the ith rod, given by fri(t). To avoid creating a quadratic eigenvalue problem

[11], we ignore energy loss over time and assume the system experiences no

damping force.
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Figure 6: Free-body diagrams

First, let’s quantify changes in the internal force stored in the spring. To

this end, assume the spring is oriented strictly in the x-axis and experiences

no tilt in the z−axis during the motion of the pendulum. This supposition

is valid for the small range of angles observed in the physical system. Also

assume the spring satisfies an ideal version of Hooke’s Law. In other words,

changes in the restoring force in the spring are directly proportional to changes

in the elongation of the spring.

We say that the net internal force of the spring is nonzero if and only if

the length of the spring at time t, measured as u2(t) − u1(t), is not equal to

the length of the spring when both masses are at equilibrium, measured as

x2−x1. According to Hooke’s law, the net restoring force stored in the spring

is calculated as

fs(t) = k
(
u2(t)− u1(t)

)
, (1)

measured in newtons (N). This force is positive if it points towards the right.

The spring constant k is measured in N/m and can be calculated as the solu-
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tion to a least-squares problem, F = kx, where F is the force applied to the

spring (in N) and x is the displacement of the springs moveable end (in m).

Next, we determine the effect of the gravitational and tension forces on each

pendulum. We use the so-called force derivation for the equation of motion for

each pendulum (without the spring attached) which results in the equation

mi θ̈i(t) = −mi g

`
sin
(
θi(t)

)
. (2)

This nonlinear ordinary differential equation for the motion of each pendu-

lum (2) is accomplished with a free-body diagram analysis applied to mass

mi, where i = 1, 2.

Derivation of the coupled differential equations

We notice that the equation for internal force stored in the spring (1) is written

in terms of distances along the x−axis. On the other hand, the ordinary

differential equation describing the motion of each pendulum (2) depends on a

coordinate system based on angle θi(t). To combine these equations, we need

to state all forces acting on mass i using the same coordinate system.

We recall that if θi(t) < 0.1, the linear approximation sin
(
θi(t)

)
≈ θi(t)

is quite accurate. It is common practice in this linearization to assume angle

θi(t) is less 0.1 radians [6]. Such an assumption results in an error of less than

0.1%. By construction, the length of each pendulum in our apparatus is much

larger than the range of motion of the masses so that our linearization closely

approximates the physical system. Combining our small-angle approximation

with our study of trigonometry and calculus, we conclude

θi(t) ≈ sin
(
θi(t)

)
=
ui(t)

`
, and θ̈i(t) ≈

üi(t)

`
.
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This yields the linearized differential equation

mi üi(t) = −mi g

`
ui(t),

which approximates the force acting on mass i along the x−axis due to the

motion of the pendulum. Now, all forces that act on each mass are expressed

in the same coordinate system.

Newton’s Second Law of motion for each mass in our system states that

mi times the acceleration of mass i equals the sum of all forces acting on this

mass at any time t. This results in a system of two coupled second-order linear

differential equations given by

m1 ü1(t) = −m1 g

`
u1(t) + k (u2(t)− u1(t)) (3)

m2 ü2(t) = −m2 g

`
u2(t)− k (u2(t)− u1(t)) (4)

By solving these equations for unknown functions u1(t) and u2(t), we produce

a mathematical model for the displacement of each mass. With this goal in

mind, we restate this problem using matrix operations.

Statement of the standard eigenvalue problem

Now that we have our equations of motion in hand, let’s transform the cou-

pled ordinary differential equations (3) and (4) into an eigenvalue problem by

introducing matrix notation with

M =


m1 0

0 m2

 , K =


m1 g

`
+ k −k

−k m2 g

`
+ k

 , u(t) =


u1(t)

u2(t)

 .
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This results in the matrix equation

M ü(t) = −Ku(t).

To create a standard eigenvalue problem involving a symmetric matrix, rather

than a generalized eigenvalue problem [8], we make the simplifying assumption

that the masses are identical with m = m1 = m2. For this assumption to hold

true in our physcial apparatus, we design the left and right masses to have

identical measurements on our digital scale. Since m 6= 0, the diagonal matrix

M is nonsingular and we create a revised system

ü(t) = −Au (5)

where A = M−1K. We use our knowledge of scalar solutions to second-order

differential equations [10, pp. 313 - 329] to make an educated guess, also known

the cosine ansatz, that u(t) = cos (ω(t− t0)) x for some nonzero x ∈ R2. Note

that this vector x is not related to the position data captured by Tracker.

Applying the chain rule of differentiation twice, we find

ü(t) = −ω2 cos (ω(t− t0)) x

Substituting this into our matrix equation (5) and canceling out negative signs,

we see

λ cos (ω(t− t0)) · x = cos (ω(t− t0))A · x,

where λ = ω2 and x is chosen appropriately. We get all terms of this equation

on the right-hand side and factor the scalar coefficient function to find

0 = cos (ω(t− t0)) · (A− λI2) · x.
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We know by the zero-product property of scalar-vector multiplication in the

vector space R2 that since the scalar-valued function cos (ω(t− t0)) 6= 0 for

some values of t, we must have that x ∈ Nul(A− λI2). In other words,

A · x = λ · x.

This is a standard eigenvalue problem [12, pp. 1 - 15] and results from our

chosen trigonometric solution for our coupled system of ordinary differential

equations. The same eigenvalue problem results from making the sine ansatz

u(t) = sin (ω(t− t0)) x. In fact, each unique eigenvalue λ = ω2 corresponds

to two linearly independent trigonometric solutions to the underlying system

of differential equations.

Solution of the eigenvalue problem

Now we want to solve the eigenvalue problem associated with our simplified

modeling problem. The matrix

A = M−1K =


g

`
+
k

m
− k
m

− k
m

g

`
+
k

m


has a characteristic polynomial given by

p(λ) =

(
λ−

(
g

`
+
k

m

))2

−
(
k

m

)2

.

We set this polynomial equal to zero and solve the characteristic equation to

produce two unique, real eigenvalues λ1 = ω2
1 and λ2 = ω2

2 with

ω1 =

√
g

`
, and ω2 =

√
g

`
+

2k

m
. (6)
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Each scalar ωi is known as a normal mode, or fundamental frequency, of the

underlying system. We calculate ωi using the values of `,m, and k that we

measured in our physical system. Recall that the scalar ` is the length of the

pendulum rod, m measures the total mass of each pendulum, and k is the

spring constant of the spring. Appendix A includes a detailed discussion of

how these physical values can be used to predict the fundamental frequencies

of oscillation in this system.

For each eigenvalue λi, we find the associated nonzero eigenvector xi ∈ R2

in the null space of matrix A− λiI2, yielding two orthogonal eigenvectors

x1 =

1

1

 and x2 =

 1

−1

 .
Since our matrix A is symmetric positive definite, the spectral theorem for

symmetric matrices guarantees an orthogonal basis of eigenvalues for R2, which

is exactly the case here. Using the fundamental frequencies and associated

eigenvectors, we generate a model for the displacement function for each mass.

Creation of the mathematical model

The general solution to the coupled second-order differential equation

ü(t) + A · u = 0

is any linear combination of the eigensolutions [7, pp. 485 - 500]. This takes

the form

u(t) =
2∑

i=1

(
ci · cos (ωi(t− t0)) + di · sin (ωi(t− t0))

)
xi, (7)

yielding a total of four linearly independent solutions to the coupled ordinary

differential equations. This is exactly what we expect from our knowledge of
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existence and uniqueness theorems for solutions of linear ordinary differential

equations [2, pp. 229 - 241].

In order to solve for our unknown coefficients {ci, di}2i=1, we rely on collected

position and velocity data for each mass. This data comes from the Tracker

program. We create the initial position and initial velocity vectors

u(t0) =

u1(t0)
u2(t0)

 = u0, u̇(t0) =

u̇1(t0)
u̇2(t0)

 = u̇0.

The reference time t0 can be chosen from any time in the whole data sequence.

We calculate the initial conditions by substituting t = t0 into the general

solution (7) with

u(t0) =
2∑

i=1

ci xi, and u̇(t0) =
2∑

i=1

di ωi xi

Because the eigenvectors associated with a symmetric matrix are orthogonal,

the values of coefficients {ci}2i=1 can be calculated using the projection

c1 =
xT
1 · u(t0)

‖x1‖2
=
u1(t0) + u2(t0)

2
and c2 =

xT
2 · u(t0)

‖x2‖2
=
u1(t0)− u2(t0)

2
.

Similarly, to find the coefficients {di}2i=1, we calculate

d1 =
xT
1 · u̇(t0)

ω1‖x1‖2
=
u̇1(t0) + u̇2(t0)

2ω1

and d2 =
xT
2 · u̇(t0)

ω1‖x2‖2
=
u̇1(t0)− u̇2(t0)

2ω2

.

Our model is designed to help us find valid descriptions of the displacement

functions using measurements of the initial conditions from the physical ap-

paratus. We say that a modeled displacement functions {ui(t)}2i=1 are useful

if they accurately describe the observed data.
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Analysis of the model results

Let’s compare the Tracker data from our physical system with the predicted

values from our modeling scheme. To measure the values of ω1 and ω2, we begin

with video sequences of two separate eigenvalue experiments corresponding to

each of the eigenstates. We analyze these videos using Tracker and measure

the fundamental frequencies observed in the physical system by averaging over

10 oscillations in each case. We also calculate predicted values of ω1 and ω2 as

indicated in the solution to the characteristic equation (6) using the constants

`,m, and k that we collect from our apparatus. The reader can find details

on how to compute the predicted values in this table in Appendix A. Lines

one and two of Table I compare the measurements from the physical system

against the corresponding predicted values suggested by eigenvalue techniques.

Variable Measured (1/s) Predicted (1/s)

1. First eigenstate ω1 2.674 2.675

2. Second eigenstate ω2 3.084 3.079

3. Mixed mode (high) (ω1 + ω2)/2 2.869 2.877

4. Mixed mode (low) (ω1 − ω2)/2 0.209 0.202

Table I: Observed versus predicted values of system frequencies

We further test our modeling scheme by filming a third eigenvalue exper-

iment with initial conditions that produce a mixed-mode oscillation. Once

again, we analyze this video using Tracker and develop a model for the mixed-

mode displacement and velocity functions using the general solution equa-

tion (7). We note that both the displacement and velocity functions have the

same frequencies. Lines three and four of Table I compare the high and low
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“beat” frequencies from the physical system with the predicted values from

the model. To enhance this comparison, we superimpose the modeled func-

tion behavior for this mixed-mode experiment on top of the collected Tracker

data. Figures 7A and 7B present this comparison with subsampled Tracker

data representing every third measurement.

Figure 7A: Left mass velocity Figure 7B: Right mass displacement

This modeling scheme recreates the dynamic behavior of the system quite

well. The striking similarity between the function models and the Tracker

data suggests that the underlying mathematical theory accurately predicts

the dynamic behavior of the physical system. This provides a powerful learn-

ing experience in which students can reach this conclusion for themselves by

collecting measurements from a physical system, translating the physical data

into a mathematical problem, applying eigenvalue techniques, and analyzing

the difference between the ideal and physical behavior.

This activity puts students in the driver’s seat as applied mathematicians

and empowers each student to evaluate the mathematical theory within the

context of observable phenomena. Moreover, this process highlights the type

of applied mathematical thinking that students will need to develop to transfer

content knowledge from the classroom into their world.
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Discussion of experimental errors

The fact that the model does not exactly match the data invites further anal-

ysis, discussion, and critical thinking. For example, since the calculated values

of ω1 and ω2 depend on the physical measurements, we might want to compare

the inaccuracies of the model with our knowledge of measurement errors. In

our system, the length measurement for ` is accurate to within 2% of the actual

value since there are some uncertainties in the exact location of the center of

mass of the sled-weight-cable system. The digital scale allows better than 1%

accuracy for the pendulum masses. The spring constant error is approximately

2%. Thus, there is consistency between the deviation of the model from the

Tracker data and the estimation of the measurement uncertainty.

Conclusion

We have described a hands-on learning activity that employs an eigenvalue

modeling process for a fundamental problem in classical mechanics. This phys-

ical apparatus engages students in data collection, data analysis, mathematical

modeling, and model validation. We hope to inspire, support, and encourage

linear algebra instructors who wish to embellish their eigenvalue curriculum

with laboratory exercises like the one we have described here. This paper is

only part of our intended service to such instructors. Our support website also

provides many resources for classroom use [1]. This project may be particu-

larly relevant for mathematics programs looking to enhance linear algebra or

differential equations instruction. This activity might also serve engineering

programs that want to ensure that required prerequisite courses in linear alge-

bra or differential equations satisfy important student learning outcomes [4].
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APPENDIX A: MODEL CALCULATIONS

In this appendix, we discuss how to compute the modeled frequencies ω1 and

ω2 of the model for the coupled pendula using the measurements of m, `, and

k from the physical system. Recall that for small oscillations, the period of

a simple pendulum with a point mass and massless rod is independent of the

pendulum mass and angle of oscillation [9, pp. 400 - 404]. The familiar formula

for the period T of such simple harmonic motion is given by

T = 2π

√
`

g
.

In this case, the constant g is the local acceleration of gravity (≈ 9.8 me-

ters/sec) and ` is the pendulum length. Alternatively, the oscillation frequency

ω in radians/sec can be calculated as

ω =

√
g

`
.
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When we couple the two pendula together using a spring, we introduce

other frequencies. A model for the coupled system employs two modes of

oscillation with two separate frequencies [5, pp. 123]. For the first mode

associated with frequency ω1, the two pendula move together along the same

line with no extension of the spring. In the second mode, corresponding to

frequency ω2, the two pendula are in opposite phase with the spring expanding

and contracting. The frequencies are given by

ω1 =

√
g

`
and ω2 =

√
g

`
+

2k

m
,

where k is the spring constant and m is the mass of each pendulum. Here we

assume equal masses and we build our physical system to make this assumption

a reality. For the system described in this paper, we have m = 2.982 kg,

` = 1.37 m, and k = 3.47 N/m. Using these values, we calculate the

fundamental frequencies ω1 = 2.675 sec−1 and ω2 = 3.079 sec−1.

For the mixed mode of oscillations, the solutions of the coupled ordinary

differential equations (3) and (4) yield two linear combinations of frequencies:

ω+ =
ω1 + ω2

2
and ω− =

ω1 − ω2

2
.

These two modes operate simultaneously and produce the famous “beats” in

the movement of the pendula. The fast sinusoidal frequency of oscillation ω+

is modulated by an envelope with slow sinusoidal frequency ω−. The physical

values yield ω+ = 2.877 sec−1 and ω− = 0.202 sec−1. The period of the fast

cycle from the physical apparatus is 2.184 seconds while the period from the

slow cycle is 31.067 seconds.
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APPENDIX B: APPARATUS DESIGN

In this appendix we provide a brief overview of some of the design features for

this apparatus. More complete details can be found on the companion website

to this paper [1]. Our support structure is made from a pair of commercial

wire-frame shelving units attached top to bottom. The system can be aligned

to vertical with four screw-adjusted leveling feet. Each pendulum includes a

sled suspended by two wire cables. The sleds are made of pressed fiberboard.

The cables are looped through four small holes drilled in the corners of each

sled and the sleds hang freely from these cables. The free ends of each cable

attach to the top of the frame with moveable clamps. The top attachment

points are approximately three times as wide as the attachments to the sleds.

This design feature suppresses motion that is perpendicular to the preferred

one-dimensional motion along a single axis.

All four cables in this system are adjusted to equal lengths using cable

clamps so that each sled maintains nearly horizontal motion while the center

of mass travels along an arc. The length of these cables is large relative to

the displacement of each mass. In the apparatus used to produce data for this

paper, the pendulum length, measured from the top pivot point to the center

of mass of each pendulum, is ` = 1.37 m. The maximum arc length inscribed

by each mass is typically 0.06 m or less. This design assures small-angle

movement. The reference length scale that placed near the sleds facilitates

position measurements using the data capture system, see Figure 2.

The masses on each pendulum are two separate three-pound barbell weights,

stacked one on top of the other. Any items of similar mass can be employed.

These weights have uniform density and identical shape to simplify the pro-

cess of estimating the location of the center of mass. Mass measurements for
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each pendulum include the masses of the sleds, the weights, and one third of

the cable strands. To estimate the fraction of the mass of the cable strands

that should be added to compute the total mass on each pendulum, we com-

pute the moment of inertia of a rigid rod with the same length and mass as

the cables. We then model this as a point mass at the center of mass of the

weights on each pendulum. Finally, we add small masses to one or the other

pendulum to assure the mass equality of each pendulum. We obtain these

measurements using an ordinary digital kitchen scale (Ozeri ZK14) with a ca-

pacity of 5 kg in 0.001 kg steps. In our system we measure each pendulum

mass to be m = 2.982 kg. We also mark the location of the center of mass on

each sled using black circle markings in the center of a white CD label placed

on top of the upper weight.

Simple machine screws and nuts are attached to the end of each sled. The

two ends of the spring are clamped to each screw so that the two pendula are

coupled. A variety of springs can be used for this purpose. For this paper we

employed a spring with a spring constant of k = 3.47 N/m. A technique to

measure the spring constant is also described on the support website [1].
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